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EEffffeecctt  ooff  ZZrr  SSuubbssttiittuuttiioonn  oonn  tthhee  NNdd--bbaasseedd  MMaaggnneettss::  TThheeoorreettiiccaall  
IInnvveessttiiggaattiioonn  ooff  ((ZZrr,,NNdd))((FFee,,TTii))1122  CCoommppoouunnddss  

 
N. Y. Merkt, S. Erdmann, T. Klüner, H. İ. Sözen 

Institute of Chemistry, Carl-von Ossietzky University of Oldenburg., Carl-von-Ossietzky-Straße 9-11 Oldenburg D-26129, Germany  
 

    This research aims to identify an alternative solution for the Nd2Fe14B magnet in light of the scarcity of rare-earth 
(RE) resources. The investigation uses density functional theory (DFT) calculations to assess the effect of partial 
substitution of Nd with the transition metal (TM) Zr within the ThMn12 structure, focusing specifically on the 
(Zr0.5Nd0.5)Fe11Ti compound. In order to gain a comprehensive understanding, an investigation of intrinsic and 
magnetic properties, including saturation magnetization (MS), Curie temperature (TC) and magnetic anisotropy energy 
(MAE), is carried out on binary to quinary compounds RFe11-yTiy (R: Nd, Zr and Zr0.5Nd0.5, y: 0 ≤ y ≤ 1) and 
(Zr0.5Nd0.5)Fe10CoTi. The substitution of Ti at different concentrations for thermodynamic stabilization is studied in 
ternary and quaternary compounds RFe12-yTiy (0 ≤ y ≤ 1). In addition, the influence of Co on phase stability and 
intrinsic magnetic properties is studied in the quinary compound (Zr0.5Nd0.5)Fe10CoTi. Special attention is given to the 
treatment of the 4f-electrons of Nd and their interaction with the 3d-electrons. Theoretical results are compared with 
available experimental data, although the limited availability of data, especially for Zr-containing compounds, limits 
the scope of such comparisons. From the literature and our calculations of binary and ternary compounds, we are 
encouraged to the quaternary and quinary calculations. Promising magnetic properties of an Nd-lean quaternary 
compound suitable for engineering applications have been identified. In particular, for the quaternary compound 
ZrNdFe22Ti2, calculated values of |BH|max = 525 kJ/m3 and TC = 783 K are close to those of the Nd2Fe14B magnet. 
 
KKeeyywwoorrddss:: hard magnets, Nd-lean permanent magnets, alternative magnets, zirconium substitution, cobalt 
substitution, ThMn12-phase 

  
 

11..  IInnttrroodduuccttiioonn  
    

  In recent years, there has been an growing demand for 
low-cost and resource-efficient hard magnets, 
particularly in the renewable energy and e-mobility 
sectors. Currently, the most prevalent magnets are made 
from rare-earth (RE) and transition metal (TM) elements. 
The strongest is the Nd2Fe14B compound developed in the 
early 1980s.1,2) 
  The combination of RE and TM elements results in 
alloys with high saturation magnetization (MS), high 
Curie temperature (TC) and high magnetocrystalline 
anisotropy energy (MAE). The high values for MS and TC 
are attributed to the presence of the TM atoms, while RE 
elements are responsible for the high anisotropy. 
Nevertheless RE elements such as Nd, Dy, Sm and Tb, 
as well as some TM elements such as Co are considered 
critical for future applications.2–4) In addition, there is a 
global monopoly of RE elements, which necessitates the 
search for RE-lean or RE-free hard magnetic 
materials.5,6) 
  Several methods for developing RE-lean magnets have 
been documented in the literature. For instance, grain 
size reduction is used to achieve a higher coercive field 
strength and the critical element Dy can be omitted.7,8) 

The coercivity can be significantly increased by applying 
the grain boundary diffusion process, which leads to the 
reduction of critical RE elements such as Dy or Tb.9,10) In 

addition, the partial replacement of the critical RE 
elements with more abundant and low-cost elements has  
 
been explored (e.g. see Sakuma et al.11)). So far, this 
process has mainly been used to produce magnets for low 
to medium temperature applications. 
  We focus on the physical and magnetic properties of 
RE-lean permanent magnets based on the ThMn12 
prototype structure (also referred to as the 1:12 phase in 
this paper). It is worth noting noted that the 1:12 (RE:Fe) 
phase has a lower RE content than Nd2Fe14B and 
exhibits promising magnetic properties.12–14) In our 
previous research we investigated the abundant and 
inexpensive elements Y and Ce as potential substitutes 
for the critical element Nd and their effect on the 
magnetic properties and thermodynamic phase 
stabilities of the 1:12 phase.15,16) 
  In this paper, we consider Zr as a promising 
replacement for the RE element Nd. Substituting Zr for 
Nd can result in more cost-effective and sustainable 
magnets, as Zr is more abundant and affordable than 
Nd.17,18) Previous studies have reported on the phase 
stability of compounds with Zr substitution in the 1:12 
phase.11,19,20) The studies demonstrated that replacing 
Nd with Zr has the potential to generate a saturation 
polarization similar to or greater than that of Nd2Fe14B, 
as well as an anisotropy field comparable to it.20) 
Furthermore, it should be noted that Zr exclusively 
substitutes on the 2a sites of the 1:12 phase that are 
already occupied by RE elements. Nevertheless, the main 
experimental challenge lies in the substitution of Zr in 
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these 2a sites, which forms a solid solution with Fe, and 
compounds with a Zr concentration of up to 30% have 
been produced so far.21) A possible solution to this 
problem is the selective laser melting method used by 
Neznakhin et al.22), as it has successfully produced the 
compound (Zr,Sm)Fe11Ti with a 1:1 ratio of Zr to RE. 
Based on the selective laser melting method22) and our 
theoretical calculations given in the Sec. 3.1, the 
concentration of 50% is considered. 
  In order to have a systematic understanding of the 
intrinsic magnetic properties of Zr-substituted 1:12 
compounds, we have started with the binaries and 
ternaries of M2Fe24−yTiy alloys (where M = Zr and Nd and 
y: 0 ≤ y ≤ 2). Since the 1:12 binary phases are not 
thermodynamically stable, Ti was used as a stabilizer.23–

26) The Zr substitution and Ti solubility in the quaternary 
compounds (Zr,Nd)Fe24−yTiy were studied. Once the 
equilibrium Ti concentration was found, Co was 
additionally considered as a quinary substitution to 
study its effect on magnetic properties and stabilities. 
  The paper is structured as follows: In Sec. 2, the 
computational details of the theoretical approaches are 
explained. Then, in Sec. 3 ab initio based intrinsic 
magnetic properties are given. We have started with the 
solution enthalpies and formation energies of the 
considered compounds in Sec. 3.1. Physical properties 
such as lattice constants and cell volumes are discussed. 
In Sec. 3.2 the magnetic properties are given, starting 
with the total magnetic moment and the magnetization. 
The calculated |BH|max values are presented in Sec. 3.3. 
Another important intrinsic magnetic property, the 
Curie temperature, is calculated using the Korringa-
Kohn-Rostoker (KKR) method and is discussed in Sec. 3.4. 
The last magnetic property calculated in this paper, the 
magnetocrystalline anisotropy energy (MAE), is given in 
Sec. 3.5. Finally, we conclude the paper with remarks and 
discussions in Sec. 4. 

  
22..  CCoommppuuttaattiioonnaall  DDeettaaiillss 

  
  All theoretical calculations were performed by spin-
polarized density functional theory (DFT) using the 
Vienna ab-initio Simulation Package (VASP).27,28) The 
projector-augmented wave (PAW) method was used as 
implemented in VASP. The exchange correlation effects 
were treated within the Perdew-Burke-Ernzerhof 
(PBE)29) generalized Gradient Approximation (GGA). For 
the magnetocrystalline anisotropy energy the local spin 
density approximation (LSDA)30) was considered in 
addition to the GGA. Optimized structures from GGA 
were used in these MAE calculations. 
  To scan the Brillouin zone we used a Γ-centred k-point 
grid of 12×12×10 meshes for the 26-atom supercells used. 
The cut-off energy of the plane wave basis was set to 
500 eV and the smearing parameter to 0.1 eV. The 
convergence criteria within the self-consistent field 
scheme was set to 10−5 eV for all calculations except the 
anisotropy calculations where the criteria was set to 
10−7 eV. The choice of input parameters gives energy 

convergence within an error of less than 1 meV/atom. 
  The 4f-electrons of Nd have been treated carefully, 
although this is a challenge in DFT. The f-electrons of Nd 
have been considered in the in-core state, which gives 
good mechanical and elastic properties.31) To calculate 
the magnetic properties, we went beyond DFT and 
performed a DFT+U treatment using the Dudarev 
method32) with a Hubbard correction of U = 6 eV. This 
Hubbard correction term has been used previously in the 
literature for 1:12 Nd-based compounds with good 
results.15,16,33) 
  Treating the 4f-electrons in the in-core state, 
hybridization with other orbitals is completely neglected 
and instead atomic physics is applied to the Nd-4f states. 
Note that only the spin magnetic moment is calculated 
from the self-consistent DFT calculations. To obtain the 
total magnetic moment, the orbital magnetic moment 
must be added. The orbital magnetic moment is made up 
of gj ⋅ J where gj is the Landé g-factor (gNd = 8/11 34)) and 
J is the total angular momentum of  9/2. The total 
angular momentum results from Hund’s first rule and 
the full spin polarization (S = 3/2) of the three 4f-electrons 
of the element Nd. The orbital magnetic moment of Nd 
can be estimated to be 3.273 µB, using the equation 
J = |L−S| (for elements with less than half a full f-shell) 
with L = 6. In case of the GGA+U calculations, the 
calculated spin fraction of the Nd-4f electrons and the 
value of gj ⋅ J were added to avoid double counting for the 
spin fraction of the 4f-electrons. 
  A collinear self-consistent calculation was performed to 
calculate the magnetocrystalline anisotropy. The 
resulting relaxed structures from the GGA calculations 
were used as input for the non-collinear calculations, 
which take into account the spin-orbit coupling. For each 
non-collinear run, the magnetic moment was aligned 
with one of the crystallographic directions [001], [010] 
and [100]. 
  For the Curie temperature (TC), the Liechtenstein 
method35) was used to determine the exchange 
interaction energies Jij for the ferromagnetic (FM) and 
local moment disorder (LMD) states of the 1:12 phase. 
This was achieved by applying the GGA via the Korringa-
Kohn-Rostoker (KKR)36,37) Green’s function method as 
implemented in the AkaiKKR38) code, also known as 
MACHIKANEYAMA. This method implements the 
atomic sphere approximation (ASA) using the coherent 
potential approximation (CPA).39,40) Continuous 
concentration changes of both RE and TM sublattices 
were considered based on the CPA. Moruzzi, Janak and 
Williams (MJW)41) parameterized the local density 
approximation (LDA)42,43) which is the basis for all KKR 
calculations. In this study the scattering of the system is 
considered up to d-scattering (lmax = 2), i.e. the f-electrons 
are placed in the valence state on the basis of the open 
core approximation.34,44) The corresponding results of the 
GGA-PBE relaxation calculations are used as structural 
input for the TC calculations. 
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33..  RReessuullttss  aanndd  DDiissccuussssiioonn    

  
33..11  SSttaabbiilliittyy  ooff  TTii,,  CCoo  aanndd  ZZrr  ssuubbssttiittuutteedd  11::1122  
ccoommppoouunnddss  
  Besides the well known Nd2Fe14B magnet45,46), another   
class of typical compounds that fulfil the technological 
requirements for hard magnetic applications is in the  
form of RFe12−yTiy. Figure 1(a) shows a schematic 
representation of the RFe12 compound. 
  RFe12 compounds are known to be thermodynamically 
unstable.23–26) To stabilize a bulk system with the ThMn12 
structure, partial substitution of Fe atoms is required. Ti 
is a commonly used and typical stabilizing element13,47), 
and is therefore used. The effect of Co substitution on 
both the stabilization and the magnetic properties is 
studied. In addition to these substitutions on the TM site, 
we have investigated Zr substitution on the RE site to 
make the Nd concentration lean. 
  Primarily, the phase formation energies of the ternary 
phases with X substitution (X = Ti and Co) are 
considered: 
 

𝐸𝐸𝑓𝑓 = (Nd2Fe24−yXy) − 2𝜇𝜇Nd − (24 − 𝑦𝑦)𝜇𝜇Fe − 𝑦𝑦𝜇𝜇X
= 2𝐸𝐸𝑓𝑓(NdFe12) + 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠(𝑦𝑦) (1) 

 

E(Nd2Fe24−yXy) is the total energy of the X substituted 
1:12 phase. X can be Ti or Co on the TM sublattice. For a 
given Ti and Co concentration all possible configurations 
have been investigated and the most energetically 
favorable configuration is taken into account in this 
formula. Note that a similar formulation can also be 
written for Zr substitution on the RE site. µ represents 
the ground state of the considered elements. In case of µFe 
this is the body centred cubic (bcc) and ferromagnetic 
(FM) structure. For the elements Co (µCo), Ti (µTi), Nd 

(µNd) and Zr (µZr) the hexagonal structure (hcp) or, in the 
case of Nd, the double-hexagonal close-packed structure 
(dhcp) has been considered. The elements Ti, Nd and Zr 
are treated as nonmagnetic (NM) and Co in the FM state. 
  The phases are thermodynamically stable (unstable) 
for negative (positive) formation energies. Although pure 
unaries are considered as the reference, the results are 
expressed in terms of the formation energy Ef(NdFe12) of 
the unstable phase NdFe12. Various formulations can be 
considered instead of the base compound. However, due 
to the shortage of quaternary phase diagrams, natural 
references have been considered, which are again base 
compounds and unaries: 
 

𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠(𝑦𝑦) = 𝐸𝐸(Nd2Fe24−yXy) − 2𝐸𝐸(NdFe12) + 𝑦𝑦(𝜇𝜇Fe
− 𝜇𝜇Ti) (2) 

 

Since the solution enthalpy calculations include 
reference elements which are critical to the resulting 
energies, accurate modelling is required. Table 1 
compares the physical and magnetic properties of the 
pure elements with experimental data. 
  According to the calculations, the Nd-based 1:12 
compound, NdFe12, is thermodynamically unstable with 
a formation energy of 0.94 eV, in agreement with 
previous reports.23–25) However, ZrFe12 was calculated to 
be stable with a formation energy of −0.76 eV, in 
accordance with the other theoretical work.57) This is not 
the case for the 50% substitution of Nd with Zr, the 
compound (ZrNd)Fe12, which has a formation energy of 
0.16 eV. 
  As 50% substitution of Nd by Zr is apparently not 
sufficient to stabilize the ternary phase, additional 
substitution of Fe by Ti is required. For the compounds 
containing one Ti atom, NdFe11.5Ti0.5 and 
(ZrNd)Fe11.5Ti0.5, the formation energies were calculated 
to be −0.03 eV and −0.79 eV, respectively. Comparing  

FFiigg..  11   Schematic representation of the 2 formula unit (f.u.) (26 atoms) body-center-tetragonal ThMn12 (I4/mmm, 
space group number 139) 1:12 phases. (a) Unstable RFe12, (b) 2 Ti atom substituted (7.7 at. %) R2Fe22Ti2 
(RFe11Ti) and (c) 2 Ti and 2 Co substituted (each 7.7 at. %) supercell RFe10CoTi (R2Fe20Co2Ti2). Ti atoms 
are substituted in energetically favorable 8i sites and Co atoms are substituted in energetically favorable 
8f and 8j sites. 
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these energies, it can be seen that in case of the Zr-
substituted alloy, the substitution of one Ti atom is 
sufficient to stabilize the compound. In case of the 
ternary compound without Zr, the energy of formation is 
just below 0 eV. As Zr has the potential to reduce the Ti 
concentration, the magnetic properties are enhanced. 
  The effect of Ti stabilization has been studied for the  
ZrNdFe24−yTiy compounds as given in Fig. 2. It starts 
with the substitution of the first Ti atom in each TM site, 
i.e. 8i, 8j and 8f, in the supercell consisting of 26 atoms (2 
formula units (f.u.)). Note that a single Ti atom 
corresponds to 3.8 at. %. As in previous work for Ce and 
Nd-based 1:12 compounds15,58), the 8i site is calculated to 
be the most energetically favorable site. The solution 
enthalpies for the 8j and 8f sites are higher by 0.53 and 
0.72 eV, respectively. Therefore, only the 8i sublattice 
was considered for the substitution of the remaining Ti 
atoms. 
 

 
 
 
 
 
 
 
 
 

 
 
 

 
  Note that the exclusion of the 8j and 8f sublattices is 
also supported by experimental work.59,60) The origin of 
the 8i preference is due to the larger Wigner-Seitz radius 
of this site compared to the 8f and 8j sites.61) In case of 
substitution of the second and third Ti atom, all possible 
configurations on 8i sites were considered. The Ti 
solubility studies on (ZrNd)Fe24−yTiy give an equilibrium 
Ti concentration of 7.7 at. %, which is the same as in case  
of NdFe12−xTix and CeFe12−xTix.15,16,58,62) The 
corresponding structure is shown in Fig. 1(b). 
  Although Ti stabilizes the Zr substituted 1:12 
compounds, it reduces the overall magnetic moment due 
to its nonmagnetic (NM) nature. For instance, 
(ZrNd)Fe22Ti2 has 4.06 µB/f.u. less total magnetic 
moment than the Ti-free 1:12 compound. Therefore, 
ferromagnetic (FM) Co was considered as another 
substitutional element for (ZrNd)Fe24−xCox and 
(ZrNd)Fe22−xTi2Cox to improve the magnetic properties 
and to understand its effect on the stability. 
  Figures 3 and 4 show the site preference of Co 
substitutions and equilibrium concentrations for the 
considered 1:12 compounds. As shown, Co prefers to 
substitute at 8f and 8j sites for both (ZrNd)Fe24−xCox and 
(ZrNd)Fe22−xTi2Cox cases. In case of the (ZrNd)Fe24−xCox 
compounds it can be seen in Fig. 3 that the first Co atom 
is substituted into the 8f site with the solution enthalpy 
of −0.22 eV. This is followed by the 8j and 8i sites with 
−0.21 eV and −0.18 eV, respectively. After keeping the 
first Co atom in the 8f position and replacing the second 
Co atom, the lowest energies of the 8j, 8f and 8i sites are 
obtained with −0.24 eV, −0.22 eV and −0.17 eV, 
respectively. As the equilibrium concentration is at 2 Co 
atoms (7.7 at. %), additional Co atoms lead to higher 
solution enthalpies. It is also noticeable that the 8j site 
gives the most negative energy for the third Co atom and 
from the fourth to the sixth Co atom the 8f site gives the 
lowest energies. 
  As can be seen in Fig. 4 in case of the 
(ZrNd)Fe22−xTi2Cox compounds, again the substitution of 
Co into the 8f site with the solution enthalpy of −0.16 eV, 
followed by 8j and 8i with about −0.14 eV, leads to the 
most stabilized compound. For the second Co atom the 8j 
site yield the lowest solution enthalpy with −0.22 eV, 
followed by 8f with −0.19 eV and 8i with −0.18 eV. For 
the third to sixth Co atoms, the 8j sublattice is the 
energetically most favorable site. Since sublattice 8i has  
 

Alloy 
Lattice constants 
      (Å) 

Experimental  
Lattice constants 

(Å) 
Bulk modulus Experimental  

Bulk modulus Magnetic moment 
Experimental 

Magnetic moment 
mtot 

a      c a c (GPa) (GPa) (µB/atom) (µB/atom) 
Fe 2.832 2.832 2.668h 48) 2.668h 48) 185.47 159-173d 48) 2.21 2.22a 49) 
Co 2.489 4.036 2.5a 50) 4.1a 50) 212.15 199 ±6a 50) 1.63   1.53f 49) 
Ti 4.553 2.817 4.60a 51) 2.83a 51) 128.93 102-119a 51) NM   NMf 52) 
Nd 3.704 11.935 3.658d 53) 11.839d 53) 33.84 25.4-34.9d 53) NM NMa 54) 
Zr 3.235 5.166 3.233b 55) 5.146b 55) 93.57 92-102b 55) NM NMg 56) 

aX-ray diffraction (XRD) analysis at 300 K. 
bHigh-pressure (ultrasonic) measurements combined with X-ray techniques. 
cX-ray diffraction (XRD) analysis at >573 K. 
dWith Vibrating Sample Magnetometer at 300 K. 
eNeutron Diffraction at 300 K. 
fBy measuring the flux change. 

FFiigg..  22 Calculated Ti solution enthalpies for 
(ZrNd)Fe24−yTiy according to Eq. 2. The first 
Ti atom is considered in 8i, 8j and 8f sites 
one by one. Then the remaining Ti atoms 
are substituted on 8i site due to the lower 
solution enthalpy and all possible 
configurations are considered. 

TTaabbllee  11  Calculated physical and magnetic properties of the pure elements that are included in solution enthalpy 
formalism in Eq. 2. a and c are the lattice constants, B0 is the bulk modulus and mtot is the magnetic 
moment (where NM stands for nonmagnetic). 
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a larger Wigner-Seitz radius, the preference for Co in 
sublattices 8f and 8j is suspected to produce the more 
stable crystal structures. The theoretically calculated 
site preference is in agreement with experimental 
reports11,19,63), which reported that Co prefers the 8f and 
8j sites. In addition, for both series of compounds, a trend 
is observed that the 8i site generally has higher solution 
enthalpies and the 8j and 8f sites are more stable. The Co 
equilibrium concentration of 7.7 at. % was calculated for 
both compounds. The schematic representation of the 
most stable quinary phase is shown in Fig. 1(c). 
  The physical and magnetic properties of the lowest 
energy configurations of the considered Co 
concentrations for (ZrNd)Fe24−xCox and 
(ZrNd)Fe22−xTi2Cox, are given in Tab. 2. In case of Co 
substitution in (ZrNd)Fe24−xCox a slight increase in 
magnetic properties is observed. For example, the total 
magnetic moment increases by 0.86 µB from Co-free to 6 
Co atoms. In case of substitution in (ZrNd)Fe22−xTi2Cox, a 
decrease in the total magnetic moment of −0.93 µB is 
observed with the substitution of 6 Co atoms. Note that 
this increase (decrease) only becomes visible with the 
substitution of the fourth Co atom. Thus, Co at its  
 

 
 
 
 

 

 

 
 
 
 
 
equilibrium concentration has only a small effect on the 
magnetic properties. The substitution of a Ti or Co atom 
in (ZrNd)Fe24 leads to a stabilization of −0.96 eV and 
−0.22 eV, respectively. Therefore, Co has a lower impact 
on the stability of the compound than Ti. 
  The calculated physical properties of the considered 
compounds are given in Tab. 3. A trend of decreasing 
lattice constants and cell volumes with Nd2Fe24−yTiy > 
ZrNdFe24−yTiy > Zr2Fe24−yTiy with 0 ≤ y ≤ 2 can be seen. 
This trend is in good agreement with existing theoretical 
and experimental values.16,20,60) This behaviour has also 
been previously documented by Sakuma et al.11). 
Furthermore, an increasing volume with increasing Ti 
concentration is observed, which is in agreement to the 
calculations of Harashima et al.64). The substitution of Co 
in the quaternary compound ZrNdFe22Ti2 shows a 
minimal increase in cell volume (by 0.03 Å3) and in the 
lattice constant c (by 0.015 Å), while the lattice constants 
a (by 0.020 Å) and b (by 0.005 Å) are slightly reduced. As 
mentioned above, a GGA+U treatment was also included 
for Nd containing compounds (see values in parenthesis 
in Tab. 3), which shows the same trends. In case of the 
bulk moduli, a softening effect of Ti can be seen. This  

Alloy Lattice constants  
(Å) Cell volume 

Spin magnetic moment  
at 2a site 

m2atot 

Total magnetic 
moment 

mtot 

Saturation 
magnetization 

μ0MS 

Maximum 
energy product 

|BH|max 
 a b c (Å3) (µB/f.u.) (µB/f.u.)      (T) (kJ/m3) 

ZrNdFe24 8.419 8.419 4.656 165.01 -0.50 (mZr2a) -0.26 (mNd2a)  27.16   1.92 732.20  
ZrNdFe23Co 8.419 8.419 4.659 165.15 -0.50 (mZr2a) -0.26 (mNd2a)  27.34   1.93 740.30  
ZrNdFe22Co2 8.407 8.423 4.664 165.13 -0.50 (mZr2a) -0.26 (mNd2a)  27.34   1.93 740.97  
ZrNdFe21Co3 8.417 8.417 4.665 165.24 -0.50 (mZr2a) -0.26 (mNd2a)  27.46   1.94 745.95  
ZrNdFe20Co4 8.419 8.417 4.672 165.55 -0.50 (mZr2a) -0.26 (mNd2a)  27.70   1.95 756.67  
ZrNdFe19Co5 8.417 8.417 4.682 165.83 -0.51 (mZr2a) -0.26 (mNd2a)  27.95   1.96 767.69  
ZrNdFe18Co6 8.410 8.410 4.691 165.91 -0.50 (mZr2a) -0.26 (mNd2a)  28.02   1.97 770.45  
ZrNdFe22Ti2 8.411 8.497 4.704 168.08 -0.49 (mZr2a) -0.27 (mNd2a)  23.10   1.60 510.17  

ZrNdFe21CoTi2 8.408 8.495 4.708 168.13 -0.49 (mZr2a) -0.26 (mNd2a)  23.19   1.61 513.86  
ZrNdFe20Co2Ti2  8.391  8.492 4.719 168.11 -0.49 (mZr2a) -0.26 (mNd2a)  23.22   1.61 515.62  
ZrNdFe19Co3Ti2  8.407  8.481 4.715 168.11 -0.49 (mZr2a) -0.26 (mNd2a)  23.14   1.60 511.78  
ZrNdFe18Co4Ti2  8.399  8.469 4.719 167.84 -0.48 (mZr2a) -0.26 (mNd2a)  22.95   1.59 505.11  
ZrNdFe17Co5Ti2  8.402  8.459 4.707 167.28 -0.47 (mZr2a) -0.25 (mNd2a)  22.54   1.57 490.70  
ZrNdFe16Co6Ti2    8.407 8.449 4.698 166.84 -0.47 (mZr2a) -0.25 (mNd2a)  22.17   1.55 477.03  

FFiigg..  33  Calculated Co solution enthalpies for 
chemical compositions with the formula 
(ZrNd)Fe24−xCox according to Eq. 2. 

FFiigg..    44  Calculated Co solution enthalpies for 
chemical compositions with the formula 
(ZrNd)Fe22−xTi2Cox according to Eq. 2. 

TTaabbllee  22  GGA calculated physical and magnetic properties of the most stable Co containing compounds (see 
Figs. 3 and 4) starting from ZrNdFe24 and ZrNdFe22Ti2 with increasing Co content. 
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effect occurs again not only in the Nd2Fe24−yTiy 
compounds but also in the Zr2Fe24−yTiy compounds as 
well as in the compounds containing both Nd and Zr with 
ZrNdFe24−yTiy (y: 0 ≤ y ≤ 2) (see Tab. 3). 
 
33..22  TToottaall  mmaaggnneettiicc  mmoommeenntt  aanndd  mmaaggnneettiizzaattiioonn  
  The magnetization of the chosen compounds is 
calculated distinguishing between the total magnetic 
moment and the saturation magnetization. The total 
magnetic moment, expressed in Bohr magnetons (µB) per 
formula unit, is the cumulative sum of the magnetic 
moments of the individual atoms. The saturation 
magnetization, measured in Tesla (T), can be derived 
from the density of the compound (ρ), the Avogadro 
constant (NA), the molecular weight (M) and the average 
magnetic moment per atom 𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

𝑎𝑎𝑎𝑎𝑎𝑎  the compound: 
 

𝜇𝜇0𝑀𝑀𝑆𝑆 = 𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑎𝑎 𝜇𝜇 𝜌𝜌∙𝑁𝑁𝐴𝐴

𝑀𝑀𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
. (3) 

 

  The calculated intrinsic magnetic properties, including 
the total magnetic moment (mtot), the spin magnetic 
moment of the atoms in 2a position (m2aspin) and the 
saturation magnetization (µ0MS), are given in Tab. 4. 
These values are compared with previous theoretical and 
experimental data for analogous compounds. It is 
noteworthy that the PBE functional tends to 
overestimate the magnetic moments69), placing the 
calculated values within the expected range. This 
overestimation can be assessed in case of NdFe11Ti by 
comparison with literature values. Contrarily, for 
Zr2Fe24−yTiy (y: 0 ≤ y ≤ 2) compounds such an assessment 
is not possible, since neither theoretical nor experimental 
values have been published so far. It should also be noted 
that even the relaxed structure does not guarantee that 
the magnetic properties are correctly reproduced.  
  In case of quaternary ZrNdFe24−yTiy (y: 0 ≤ y ≤ 2) alloys, 
it is possible to estimate mtot as both experimental and  

 
 
 

 
theoretical values are available for similar compounds 
and fall within the expected range (see Tab. 4). In 
contrast, for Zr2Fe24−yTiy compounds, the magnetic 
moments of Fe and Ti are close to those of Nd2Fe24−yTiy 
(y: 0 ≤ y ≤ 2) compounds, considering the structural 
difference only at the 2a sites with Zr at −0.47 µB and Nd 
at −0.27 µB. 
  The GGA calculations, using an in-core treatment for 
f-electrons, give reasonable mtot for NdFe11−yTiy 
compounds. In particular, the calculated mtot for 
NdFe11Ti is 24.84 µB, while the experimentally measured 
mtot by Skokov et al.33) is 23.43 µB. However, the in-core 
approximation neglects the contribution of the f-electrons. 
By including f-electrons and using the GGA+U treatment, 
where they are considered to be fully localized, a revised 
mtot of 25.04 µB (including the orbital magnetic moment) 
is calculated. In addition, the GGA+U treatment yields a 
saturation magnetization of 1.69 T, in agreement with 
experimentally determined MS of 1.38 T to 
1.70 T.33,60,66,67) 
  In the context of the GGA+U approximation, a reduced 
spin magnetic moment is observed with a magnitude of 
the Nd ion of −3.30 µB. This reduction, approximately 
−3.0 µB from the GGA value of −0.27 µB, is attributed to 
the influence of the f-electrons. Nevertheless, the results 
for both treatments are acceptable compared to 
experimental values. It is important to note that the 
calculated results are based on the summation of the 
orbital magnetic moment of the Nd-4f-electrons with 
gj ⋅ J = |L − S| = 3.273 µB. 
  The substitution of Zr atoms into the 1:12 phase results 
in an average reduction of the total magnetic moment 
from 2.25 µB/f.u. (ZrNdFe24−yTiy) to 4.21 µB/f.u. 
(Zr2Fe24−yTiy). In GGA this reduction can be attributed to 
the comparatively lower magnetic moment of Zr 
(−0.47 µB) compared to Nd (−0.27 µB). Nevertheless, in 
the GGA+U treatment, the inclusion of f-electrons leads 
to a reduction in the magnetic moment of Nd to −3.3 µB, 
showing an opposite trend.   

Alloy 

Lattice constants  

(Å) 

        Experimental 
         Lattice constants 

       (Å) 
Cell 

volume 
Experimental  
Cell volume 

Bulk 
modulus 

Literature  
Bulk modulus 

 a b c a c (Å3) (Å3) (GPa) (GPa) 

Nd2Fe24 8.535 8.535 4.671 8.574* 65) 4.907* 65) 170.13 180.37* 65) 129.45 127.96* 16) 
(NdFe12)          

Nd2Fe23Ti 8.568 8.530 4.680 8.552* 16) 4.686* 16) 171.02 171.73* 16) 128.74 127.17* 16) 
(NdFe11.5Ti0.5) (8.558) (8.533) (4.675) 8.552* 16) (4.692)* 16) (171.06) (171.81)* 16)   

Nd2Fe22Ti2 8.593 8.535 4.696 8.574a 66) 4.907a 66) 172.19 176.2a 66) 128.89 127.20* 16) 
(NdFe11Ti) (8.584) (8.532) (4.703) 8.574a 67) 4.794a 67) (172.21) 180.35a 67)   

Zr2Fe24 8.312 8.312 4.647   160.54  144.46  
(ZrFe12)          

Zr2Fe23Ti 8.285 8.377 4.677   162.29  139.03  
(ZrFe11.5Ti0.5)          

Zr2Fe22Ti2 8.258 8.433 4.708 8.358* 68) 4.715* 68) 163.93  139.58  
(ZrFe11Ti)          
ZrNdFe24 8.419 8.419 4.656   165.01  132.98  

((Zr0.5Nd0.5)Fe12)          
ZrNdFe23Ti 8.439 8.439 4.669   166.27  130.23  

((Zr0.5Nd0.5)Fe11.5Ti0.5) (8.439) (8.440) (4.666)   (166.20)    
ZrNdFe22Ti2 8.411 8.497 4.704   168.08  130.59  

((Zr0.5Nd0.5)Fe11Ti) (8.352) (8.508) (4.703)   (167.10)    
ZrNdFe20Co2Ti2 8.391 8.492 4.719   168.11  133.30  

 (8.399) (8.483) (4.721) 
8.536a 20) 4.770a 20) 

(168.17) 
173.8a 20) 

  
(Nd0.7Zr0.3)2(Fe0.75Co0.25)23Ti       

          
*Theoretical references are represented by *.  
aX-ray diffraction (XRD) analysis at 300 K. 

TTaabbllee  33  Calculated lattice constant, cell volume and bulk modulus of the considered alloys using GGA. In case of 
Nd containing stable compounds GGA+U has been considered for Nd 4f-electrons with U = 6 eV and is 
given in parenthesis. 
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  The effect of the Ti substitution on the total magnetic 
moments of the compounds studied is shown in Fig. 5. In 
both GGA and GGA+U calculations, the total 
magnetization of Ti atoms is approximately −1.1 µB. This 
phenomenon is due to the antiferromagnetic orientation 
of Ti atoms with respect to the Fe atoms. In particular, 
there is an observable trend that the total magnetic 
moment decreases with increasing concentration of Ti in 
compounds. The trend calculated in the mtot values of the 
Nd2Fe24−yTiy (y: 0 ≤ y ≤ 2) compounds aligns with the 
findings of our previous research.16) For all considered 
compounds, there is a consistent decrease in the total 
magnetic moment, averaging 2-3 µB/f.u. per Ti atom. 
  The effect of Co on the total magnetic moment is 
relatively modest, as shown in Tabs. 2 and 4. A 
comparison between the mtot of ZrNdFe22Ti2 and 
ZrNdFe20Co2Ti2 shows only an increase of 0.12 µB/f.u. in 
GGA. This finding is similar for the GGA+U approach as 
well. The effect of Co on the magnetic properties depends 
on the presence of Ti in the compound. When combined 
with Ti, a decrease in the magnetic properties can be seen, 
while in the absence of Ti, an increase is calculated. 
 
33..33  MMaaxxiimmuumm  eenneerrggyy  pprroodduucctt  ||BBHH||mmaaxx  
  A magnet consists of magnetic domains, which are 
small regions in which the magnetic moment is oriented 
in only one direction. The arrangement of these domains   

Alloy m2aspin 
(µB/f.u.) 

  mtot 
(µB/f.u.) 

Experimental 
mtot 

(µB/f.u.) 
µ0MS 

  (T) 
Experimental 

  µ0MS 
(T) 

|BH|max 
(kJ/m3) 

Experimental 
|BH|max 
(kJ/m3) 

Nd2Fe24 -0.27   29.67 27.2* 70) 2.03 1.73* 70) 821.55 818* 16) 
(NdFe12)   29.15* 46)  1.99* 46)      

   31.20* 65)  2.01* 65)      
Nd2Fe23Ti -0.27   27.14  1.85  680.30 683* 16) 

(NdFe11.5Ti0.5) (-3.29)   (27.31) 
21.27a 66) 

(1.86) 
1.38a 66) 

(688.49) 701* 16) 
Nd2Fe22Ti2 -0.28   24.84 1.68 562.30 438* 46) 
(NdFe11Ti) (-3.30)   (25.04) 21.90b 67) (1.69) 1.48b 67) (571.39) 569* 16) 

   23.43c 33)  1.58c 33)  575* 16) 
   24.10* 71)  1.63* 71)      
   24.50* 46)  1.65* 46)      
   25.24d 60)  1.70d 60)      
   26.30* 65)  1.70* 65)      

Zr2Fe24 -0.47   24.98  1.81  654.10     
(ZrFe12)           

Zr2Fe23Ti -0.46   23.13  1.66  548.87     
(ZrFe11.5Ti0.5)           

Zr2Fe22Ti2 -0.45   21.28  1.51  455.19     
(ZrFe11Ti)           

ZrNdFe24 -0.50 (m2aZr) 
-0.26 (m2aNd)    27.16 

 
1.92 

1.93* (Zr0.1) 68) 
732.20 

741* (Zr0.1) 68) 
 1.91* (Zr0.2) 68) 726* (Zr0.2) 68) 
 1.89* (Zr0.3) 68) 711* (Zr0.3) 68) 

ZrNdFe23Ti -0.50 (m2aZr) 
-0.26 (m2aNd) 24.77  1.74    599.63    

        

 
((-0.50 (m2aZr)) 
(-3.27 (m2aNd)) (24.82)  (1.74)    (602.83)     

        
ZrNdFe22Ti2 -0.49 (m2aZr) 

-0.27 (m2aNd) 23.10  1.60    510.17     
        

 
((-0.48 (m2aZr) 
(-3.31 (m2aNd)) (23.28)  (1.62)    (524.51)     

        

ZrNdFe20Co2Ti2 -0.49 (m2aZr) 
-0.26 (m2aNd) 23.22  1.61    515.62     

        

 
((-0.49 (m2aZr) 
(-3.28 (m2aNd)) (23.28)  (1.61)    (517.70)     

        

Nd2(Fe0.75Co0.25)23Ti 
 

 25.41d 63)  1.63d 63)    529d 63)      
(Nd0.7Zr0.3)2(Fe0.75Co0.25)23Ti  

 24.43d 63)  1.63d 63)    529d 63) 
  1.66d 20)    548d 20) 

*Theoretical references are represented by*.  
aExtraction sample magnetometer analysis at 1.5 K.  
bMössbauer measurement at 4.2 K.  
cSingle crystal, physical property measurement system (PPMS) measured at 10 K.  
dVibrating sample magnetometer (VSM) analysis at 4.2 K. 

TTaabbllee  44  Calculated spin magnetic moments at rare-earth site m2aspin, total magnetic moments mtot (µB/f.u.), 
maximum energy product |BH|max (kJ/m3) and saturation magnetization µ0MS (T) with comparison 
against available experimental data. In case of Nd containing compounds GGA+U with U = 6 eV is 
applied to Nd 4f-electrons only and results are given in parenthesis. 

FFiigg..  55   Total magnetic moments of R2Fe24 yTiy (R: Zr 
and Nd; y: 0 ≤ y ≤ 2). Since GGA+U 
calculations do not change the results 
significantly, only GGA results are given. The 
red circles show theoretical data46,65,70,71) for 
the alloys from others and the blue triangles 
show experimental data11,33,60,66,67) for the 
alloys. Here all literature values correspond 
to the same compounds. Only the 
experimental mtot at ZrNdFe20Co2Ti2 
corresponds to the 
(Zr0.3Nd0.7)2(Fe0.75Co0.25)23Ti compound. 
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is called the microstructure, which is the origin of the 
extrinsic magnetic properties.72,73) The maximum energy 
product |BH|max is one of the key performance measures 
for permanent magnets. It is an important figure-of-
merit for the strength of permanent magnetic materials 
and a magnet should be designed to operate near the 
|BH|max point in order to maximize its efficiency. In 
addition, |BH|max serves as a reflective indicator of the 
upper limit of magnetic energy that can be stored in free 
space by a unit volume of permanent magnet.74) It is 
furthermore the optimal product of the two extrinsic 
properties remanence Br and coercivity Hc and can be 
estimated from the hysteresis loop. In the case of an ideal 
quadratic hysteresis loop, there is a relationship between 
|BH|max and MS, since in that case the remanence 
magnetization Mr is maximum and equals MS 
(μ0Mr = μ0MS). Thus, |BH|max can theoretically be 
calculated as follows:72,75) 
 

|𝐵𝐵𝐵𝐵|𝑚𝑚𝑚𝑚𝑚𝑚 =
𝜇𝜇0𝑀𝑀𝑆𝑆

2

4 , (4) 

 

where µ0 is the vacuum permeability (µ0 = 4π∙10−7 NA−2). 
The calculated |BH|max values of the selected 
compounds are shown in Tab. 4 and Fig. 6. 
  Figure 6 shows the |BH|max values of known hard 
magnets as a reference. A hard magnetic compound can 
be considered as promising once its maximum energy 
product exceeds 400 kJ/m3. Elevated |BH|max values are 
calculated in Ti-free RFe12 compounds where R 
represents Y, Zr and Ce. The substitution of a single Ti 
atom by Fe (representing 3.8 at. % in the 2 f.u. supercell) 
results in an average reduction in |BH|max of about 
120 kJ/m3. The substitution of the second Ti atom 
(representing 7.7 at. % in the 2 f.u. supercell) further 

 
 
 
 
 

reduces the |BH|max by a 100 kJ/m3. 
  The lack of experimental |BH|max data precludes 
direct comparison with theoretical values. However, 
there are alternative theoretical and experimental 
results for analogous compounds that facilitate 
comparative assessments. Körner et al.46) used the tight-
binding linear-muffin-tin-orbital atomic-sphere 
approximation (TB-LMTO-ASA) to calculate |BH|max for 
various 1:12 phases. Their calculations for NdFe11Ti 
yields a |BH|max of 438 kJ/m3, where our GGA (GGA+U) 
calculation finds 562 kJ/m3 (575 kJ/m3). Our current 
|BH|max calculation is in good agreement with the 
research of Herper et al.76), who calculated 490 kJ/m3. 
  In case of Zr2Fe24−yTiy (y: 0 ≤ y ≤ 2) compounds, the 
calculated |BH|max values are ≥ 450 kJ/m3. However, 
these ternary |BH|max values are about 130 kJ/m3 lower 
than the ternary Nd2Fe24−yTiy (y: 0 ≤ y ≤ 2) compounds. 
As an example, the ratio of ZrFe11Ti to NdFe11Ti is given 
as 455 kJ/m3 and 562 kJ/m3, respectively. As expected, 
the quaternary ZrNdFe24−yTiy compounds fall within the 
range defined by the |BH|max values of the R2Fe24−yTiy 
compounds (where R: Nd and Zr, y: 0 ≤ y ≤ 2), making 
them promising candidates. A comparison between the 
calculated |BH|max of ZrNdFe23Ti (600 kJ/m3) and the 
experimentally determined value of 
(Zr0.3Nd0.7)2(Fe0.75Co0.25)23Ti (548 kJ/m3)20) shows a 
remarkable agreement. 
  In case of Co substitution, the effect is challenging to 
determine due to the limited literature available. When 
comparing the calculated |BH|max of ZrNdFe22Ti2 and 
ZrNdFe20Co2Ti2, there is a minimal difference. 
Depending on the method used, there is a slight increase 
for GGA or decrease for GGA+U in the maximum energy 
product of about 6 kJ/m3. For a comparison with 
literature, the compound (Nd0.7Zr0.3)2(Fe0.75Co0.25)23Ti is   

FFiigg..    66  Theoretical maximum energy product |BH|max values for the considered compounds and the literature 
for comparison16,46). In addition to conventional GGA, GGA+U with U = 6 eV has been considered for 
stable Nd containing alloys. Experimental values75,77) of the most common hard magnets are given as 
horizontal dashed lines. 
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considered. However, as this compound contains less Zr 
and Ti and more Co, the previous effects of the elements 
must be taken into account. Due to the effects of Zr and 
Ti, a higher |BH|max can be assumed for the literature 
compound. The |BH|max of the literature compound of 
529 63) and 548 kJ/m3 20) are higher than the calculated 
|BH|max of the compounds ZrNdFe22Ti2 and 
ZrNdFe20Co2Ti2, but lower than that of ZrNdFe23Ti. 
Based on this ordering of the literature |BH|max, a 
reduction due to Co can be assumed. This reduction in 
combination with Ti can also be seen in Tab. 2. 
  In Fig. 6, the |BH|max values of well-known hard 
magnets are provided as a reference. A comparison 
between the well-known hard magnet Nd2Fe14B, with a 
|BH|max of 688 kJ/m3 31), and the quaternary alloy 
ZrNdFe11Ti shows that the calculated |BH|max are 
smaller than the theoretical value of Nd2Fe14B. 
Furthermore, the quaternary Zr compound can be 
compared with the Y and Ce quaternaries calculated in 
our previous work.16) It is observed that in the case of 
(R,Nd)Fe11.5Ti0.5 (R: Y, Zr and Ce) alloys, the Y-
containing alloy exhibits the highest |BH|max at 
628 kJ/m3, followed by the Ce and Zr-containing alloys. 
For the (R,Nd)Fe11Ti (R: Y, Zr and Ce) alloys, a trend 
emerges where the Zr-containing alloy has the highest 
|BH|max at 510 kJ/m3, followed by the Y and Ce alloys. 
 
33..44  CCuurriiee  tteemmppeerraattuurree  
  In addition to a strong magnetization, a high Curie 
temperature TC is another desired intrinsic magnetic 
property. The well-known and widely used Nd2Fe14B 
magnet has a relatively low experimental TC of 588 K75), 
while traditional RE-based permanent magnets have 
higher TC (e.g. SmCo5 with 1020 K75)). Finding an Nd-
lean RE magnet with a better balance between 
saturation magnetization and Curie temperature thus 
 

 
 
 
 
 
 
deserves extensive efforts. 
  To calculate TC, an effective spin Heisenberg model is 
chosen, which is solved in the mean field approximation 
(MFA). In this Heisenberg model the Hamiltonian of the 
spin-spin interaction is given by 𝐻𝐻 = −∑ 𝐽𝐽𝑖𝑖𝑖𝑖𝑆𝑆𝑖𝑖⃗⃗⃗  𝑆𝑆𝑗𝑗⃗⃗⃗  𝑖𝑖≠𝑖𝑖 , where 
𝑆𝑆𝑖𝑖⃗⃗⃗   and 𝑆𝑆𝑗𝑗⃗⃗⃗   correspond to the spin of place i and j, 
respectively. Jij corresponds to the exchange coupling 
constant between the two sites i and j and was calculated 
with AkaiKKR.38) The absolute value of the magnetic 
ordering temperature TC resulting from MFA is 
kBTC = 32 ∙J0, where kB is the Boltzmann constant. J0 is the 
sum of Jij and is therefore the total effective exchange of 
a given lattice site connected to all others. 
  One of the main drawbacks of the evaluation of Jij 
when considered the FM configuration, is the systematic 
overestimation of TC (approx. 45%). Therefore, as an 
alternative to the FM states, the local moment disorder 
(LMD) approach is considered as well. In the framework 
of the KKR-CPA method, the concept of LMD state (also 
called disorder local moment (DLM)78)) is conveniently 
used to describe the paramagnetic state of a ferromagnet 
above TC.79) Nevertheless, magnetic moments survive 
and do not vanish. As an advantage of the KKR based on 
Green’s function theory, the exchange interaction 
energies for such situations and the Curie temperature 
for both FM and LMD states can be calculated. 
  The calculated Curie temperatures are shown in Fig. 7, 
with the relevant theoretical and experimental data 
reported in the literature. The horizontal dashed lines 
represent the TC of established permanent magnets for 
comparative analysis. As shown, the calculated FM 
ground state approximation in this work overestimates 
for most of the cases as expected. However, calculating 
the TC by considering the LMD as the ground state, the 
agreement improves significantly. This overestimation is 
due to the challenges of describing the delocalized 

FFiigg..    77  Calculated Curie temperatures TC for all considered 1:12 phases. The exchange interaction energies have 
been calculated for both ordered ferromagnetic (FM) and disordered local momentum (LMD) states, and 
the lattice information comes from the theoretically relaxed calculations (see Tab. 3). The literature data 
is taken from16,66,68). Here, all literature values refer to the same compounds. Only the theoretical TC for 
ZrNdFe24 corresponds to the (Zr0.3Nd0.7)2Fe24 compound. 
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electronic state in the magnetism of intermetallics80,81) 
based on localized degrees of freedom. In addition, the 
exchange coupling between local moments is calculated 
for the ground state and this assumption does not need 
to be valid for high temperatures near TC.  
  Miyake et al.82) highlighted the accuracy of LMD 
calculations is intricately linked to the crystal structure 
of the 1:12 phase, claiming that in certain cases LMD 
values exhibit greater precision than their FM 
counterparts. This correlation appears to be due to 
variations in spin fluctuation near magnetic transitions, 
although a full understanding of this phenomenon is 
currently lacking and warrants further investigation. 
For the further details about the relationship between 
LMD performance and both crystal structure and 
transition metals we refer Ref.82). In case of Zr2Fe24−yTiy 
(y: 0 ≤ y ≤ 2) compounds, the lack of available literature 
data necessitates that calculated values be considered as 
indicative measures of TC only. In the specific case of 
(Zr0.3Nd0.7)2(Fe0.75Co0.25)23Ti, Suzuki et al.63) approximate 
a TC of >840 K, implying that the FM values for 
ZrNdFe24−yTiy (y: 0 ≤ y ≤ 2) and ZrNdFe20Co2Ti2 
compounds are more likely than the LMD results. 
  Similar to the trends calculated for mtot and |BH|max, 
the Curie temperature shows a decrease with increasing 
Ti concentration, as shown in Fig. 7. The Curie 
temperature decreases approximately 45 K per Ti atom 
(3.8 at. %), which is consistent with the average decrease 
found in our previous research16). The theoretical FM 
(LMD) results show the following trend, with calculated 
TC values of 792 (646), 783 (652) and 754 (660) K for 
R2Fe22Ti2 (R2: Zr2, ZrNd, Nd2, respectively). In the 
absence of comprehensive literature data, the trend of 
the calculated compounds is estimated from analogous 
compounds such as (Zr0.3Nd0.7)2(Fe0.75Co0.25)23Ti63) and 
Nd2Fe24−yTiy (y: 0 ≤ y ≤ 2).16,82) 
  The substitution of 3.8 at. % Nd with Zr results in the 
average reduction in the TC as 6 K for LMD and the 
average increase as 29 K for FM. The complete 
substitution of Nd by Zr (7.7 at. %) increases the average 
reduction in the TC to 8 K for LMD and the average 
increase to 51 K for FM. Due to a lack of data, these 
trends cannot be directly compared with the literature. 
Nevertheless, Schönhöbel et al.83) experimentally 
investigated the effects of substitution of Nd and Zr into 
SmFe11V. This study showed a decrease in TC for 
3.1 at. % substitution of Sm as 32 K for Nd and as 26 K 
for Zr. Subsequently, Nd lowers TC more than Zr. 
Therefore, a slight increase in TC is expected when Nd is 
substituted for Zr. When evaluating the Curie 
temperatures, the quaternary compound ZrNdFe22Ti2 
with 652 K (LMD) and 783 K (FM) exceeds the 
experimental TC (588 K) of Nd2Fe14B, but not the 
theoretical TC of 1050 K.84) 
  A Co substitution of 7.7 at. % in ZrNdFe22Ti2 to 
ZrNdFe20Co2Ti2 causes an increase in the Curie 
temperature of about 85 K (see Fig. 7). This increase is 
also observed by Gjoka et al.85), who measured an 
increase of about 50 K per 7.7 at. % Co in 
Nd0.4Zr0.6Fe10−xCoxSi2. 
  In summary, due to the expected overestimation by 
considering the FM states, all considered compounds 
have TC values slightly below to above the critical 
experimental temperature of Nd2Fe14B (588 K).75) 

Additionally, the theoretical TC of above 950 K86) for 
Sm2Co17 can potentially be approached through Co 
substitution. 
 
33..55  MMaaggnneettooccrryyssttaalllliinnee  AAnniissoottrrooppyy  EEnneerrggyy  
  The next magnetic property considered in this section 
is the magnetocrystalline anisotropy energy (MAE). The 
MAE can be determined from the magnetic force 
theorem87) or by calculating the energy difference of the 
magnetization directions. In this study the latter 
approach is used to calculate the MAE. Equation (5) is 
used to calculate the energy difference from the axis with 
the easiest magnetization ([001]) to the axis of the 
hardest magnetization ([010]). Furthermore, in addition 
to being defined as in Eq. (5), which follows the general 
definition, the MAE is determined between the easiest 
direction to magnetize ([001]) and the easiest direction 
within the plane perpendicular to the easiest direction 
([100]). This definition ensures that MAE values are 
consistent with uniaxial anisotropy and resulting MAE 
values are given in parenthesis. Using GGA+U for 
Nd2Fe22Ti2 results in energy differences of 7.2⋅10-4 eV for 
[010] to [001] and 3.7⋅10-4 eV for [100] to [001]. This 
means that the highest energy difference is by a change 
from [010] and [001]. The equations used to calculate the 
MAE is as follows: 
 

∆𝐸𝐸𝑀𝑀𝑀𝑀𝑀𝑀 = 𝐸𝐸[010] − 𝐸𝐸[001], (5) 
 

where E[001] and E[010] are the total energies of the 
magnetization directions [001] and [010] of the supercell, 
respectively. 
  From the total energies and the resulting energy 
differences the anisotropy constant K1 and the anisotropy 
field Ha can be calculated. The anisotropy energy can be 
written as: 
 

∆𝐸𝐸𝑀𝑀𝑀𝑀𝑀𝑀 = 𝐾𝐾1 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠(𝜙𝜙)2, (6) 
 

where ϕ is the angle between the direction of 
magnetization and the easiest axis to magnetize. In this 
formulation, only the dominant term containing K1 is 
presented, providing a level of accuracy deemed 
appropriate for this particular scenario. All phases 
considered within the 1:12 configuration exhibit uniaxial 
anisotropy, as indicated by K1 being greater than zero. 
The higher order anisotropy constants are considered 
negligible due to the significant difference in magnitude 
between K1 and K2, with K2 being almost two orders of 
magnitude smaller than K1. Consequently, the 
characterization of magnetocrystalline anisotropy (MCA) 
can be effectively captured by the singular parameter K1 
(for more details see88)). A positive (or negative) value of 
K1 indicates uniaxial (or planar) anisotropy. 
  The anisotropy field Ha corresponds to the upper limit 
of the coercivity and can be calculated as follows: 
 

𝐻𝐻𝑎𝑎 =
2𝐾𝐾1
𝜇𝜇0𝑀𝑀𝑆𝑆

. (7) 
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Ha reflects an important property of a permanent magnet 
and should be as high as possible. It is important to note 
that the values calculated here for K1 and MS are valid 
for T = 0 K. This excludes the temperature dependence of 
Ha. 
  With the anisotropy constant K1 and the saturation 
magnetization MS, the magnetic hardness factor κ can be 
calculated. This is done using the following equation:89) 
 

𝜅𝜅 = √
𝐾𝐾1

𝜇𝜇0𝑀𝑀𝑆𝑆
2. (8) 

 

The resulting κ can be used to estimate a materials 
potential as a permanent magnet. A magnetic compound 
can be classified as a soft (κ < 0.1), semi-hard (0.1 < κ < 
1), or hard (κ > 1) magnet. Materials with κ > 1 are 
suitable for use as permanent magnets, regardless of 
their shape. On the other hand, those in the semi-hard 
range (0.1 < κ < 1) have shape and dimensional 
limitations, such as Alnico magnets.87) 
  Previously we found that MAE increases with 
increasing Ti concentration.16) Therefore, we use this 
finding here and only consider compounds with high Ti 
concentration (7.7 at. %), as these are also the most likely 
stable compounds. Table 5 shows the calculated 
anisotropy constant (K1), anisotropy field (Ha) and 
hardness factor (κ) obtained by GGA+U and LSDA. 
  For the NdFe11Ti compound, the GGA+U calculation 
yielded an anisotropy constant of 0.67 (0.34 for [100] vs 
[001]) MJ/m3, which significantly underestimated the 
experimentally measured K1 of 1.78 MJ/m3 by Skokov et 
al.33). Therefore, we considered LSDA to further 
investigate the MAE. The LSDA calculation results a 
significant increase in K1 to 1.68 (1.42 for [100] vs  
 

 
 
 
 
 
 

 
[001]) MJ/m3, which is in better agreement with the 
literature. 
  The substitution of Nd with Zr increases the MAE 
compared to NdFe11Ti. The quaternary (Zr,Nd)Fe11Ti has 
a K1 potentially exceeding the experimental value of 
1.78 MJ/m3 for NdFe11Ti, with a difference of 0.38 MJ/m3 
for GGA+U and 0.63 MJ/m3 for LSDA. In case of the Zr-
based 1:12 compound, ZrFe11Ti, K1 increases by a further 
0.28 MJ/m3 for GGA+U and by 0.06 MJ/m3 for LSDA. 
However, in case of [100] vs [001], the calculated K1 of 
the Zr-containing compounds do not reach to the 
experimental K1 of NdFe11Ti. The values calculated for 
(Zr,Nd)Fe11Ti and ZrFe11Ti in the case of GGA+U are 
1.23 and 0.68 MJ/m3 lower, respectively. The LSDA K1 
are also smaller by 0.22 and 0.17 MJ/m3 than the 
1.78 MJ/m3 of NdFe11Ti. The evaluation of the Zr-
containing phase is challenging due to a lack of available 
literature. The small difference between the LSDA value 
of (Zr,Nd)Fe11Ti (2.41 MJ/m3) and the K1 of ZrFe11Ti 
(2.44 GGA+U and 2.47 MJ/m3 LSDA) suggests that the 
accuracy of the GGA+U method increases with higher Zr 
content. This is also supported by the fact that the 
difference between the GGA+U and LSDA values for K1 
decreases as the Zr content increases, from 1.01 (1.08 for 
[100] vs [001]) MJ/m3 for Nd2Fe22Ti2 to 0.25 (1.01 for 
[100] vs [001]) MJ/m3 for ZrNdFe22Ti2 and 0.03 (0.51 for 
[100] vs [001]) MJ/m3 for Zr2Fe22Ti2. 
  The impact of Co on the K1 can be examined by the 
difference between (Zr,Nd)Fe11Ti and (Zr,Nd)Fe10CoTi 
compounds. In the case of GGA (LSDA) treatment K1 
reduces 0.19 (0.33) MJ/m3. Note that this reduction is 
raised by a low Co concentration, i.e. 7.7 at. %. Suzuki et 
al.63) observed a slight decrease in Ha of about 0.06 MJ/m3 
due to the substitution of 2.3 at. % Co in Nd(Fe1−yCoy)11Ti. 
Since Ha and K1 are directly proportional (see Eq. 7), a 
decrease in K1 can be expected. Using the data presented 

Alloy 
   K1 
  GGA 

K1 
LSDA 

Experimental 
K1  

Ha 
GGA 

Ha 
LSDA 

Experimental 
 Ha 

κ 
GGA 

κ 
LSDA 

Experimental  
κ 

(MJ/m3) (MJ/m3) (MJ/m3) (T) (T) (T)    
Nd2Fe22Ti2 0.34[100] 1.42[100] 0.61* 16) 0.41[100] 1.68[100] 0.72* 16) 0.35[100] 0.71[100] 0.52* 16) 
(NdFe11Ti) 0.67[010] 1.68[010] 1.41** 16) 0.80[010] 2.00[010] 1.86** 16) 0.49[010] 0.77[010] 0.88** 16) 

   1.78b 33)   1.9a 90)    
      2.0a 90)    

Zr2Fe22Ti2 1.10[100] 1.61[100]  1.45[100] 2.13[100]  0.69[100] 0.84[100]  
(ZrFe11Ti) 2.44[010] 2.47[010]  3.22[010] 3.27[010]  1.03[010] 1.04[010]  

ZrNdFe22Ti2 0.55[100] 1.56[100]  0.69[100] 1.95[100]  0.46[100] 0.78[100]  
((Zr,Nd)Fe11Ti) 2.16[010] 2.41[010]  2.69[010] 3.01[010]  0.92[010] 0.97[010]  
ZrNdFe20Co2Ti2 1.08[100] 1.43[100]  1.34[100] 1.78[100]  0.65[100] 0.74[100]  

((Zr,Nd)Fe10CoTi) 1.97[010] 2.08[010]  2.44[010] 2.58[010]  0.87[010] 0.90[010]  
(Zr0.3Nd0.7)2(Fe0.75Co0.25)23Ti   1.41c 20)   1.7c,d 20)   0.71c 20) 

Nd2Fe14B   4.9e 89)      1.54e 89) 
Sm2Co17   4.2e 89)      1.89e 89) 
SmCo5   17.0e 89)      4.40e 89) 

Alnico 5   0.32e 89)      0.45e 89) 
[010]Calculated using directions [001] vs [010]. 
[100]Calculated using directions [001] vs [100]. 
*Theoretical GGA+U references. 
**Theoretical LSDA references. 
aDerived from magnetization curve at 300 K. 
bSingle Crystal, Physical Property Measurement System (PPMS) measured at 10 K. 
cCalculated from source data. 
dCalculated out of experimental µ0MS using the law of approaching saturation. 
eProperties measured at 300 K. 

TTaabbllee  55  Calculated theoretical magnetocrystalline anisotropy constant K1 according to Eq. 6, anisotropy field Ha 
according to Eq. 7 and magnetic hardness factor κ from Eq. 8 for stable compounds with available 
experimental data. The values are given for both GGA and LSDA treatments for the exchange–
correlation potential and GGA+U (U = 6 eV) results are reported in parenthesis for Nd contained 
compounds. The experimental value of K1 and κ of well known hard magnets are also given for 
comparison. 
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in the study by Suzuki et al.63), a reduction of about 
0.3 MJ/m3 can be derived for K1, which shows a good 
agreement with the calculated LSDA value following 
Eq. (5). In case of following the anisotropy from the 
easiest perpendicular to the easiest in plane direction, 
this effect is also visible to a lesser extent, with a 
reduction in case of LSDA of 0.13 MJ/m3. 
  In addition, K1 values between RFe11Ti alloys (R: Y, Zr, 
Ce and Nd) shows a clear trend in GGA+U values: Nd 
(0.67 MJ/m3) < Y (0.92 MJ/m3 16)) < Ce (2.08 MJ/m3 16)) < 
Zr (2.16 MJ/m3). Corresponding LSDA values show a 
parallel trend: Nd (1.68 MJ/m3) < Y (1.73 MJ/m3 16)) < Ce 
(2.12 MJ/m3 16)) < Zr (2.41 MJ/m3). In particular, Zr 
induces the most significant increase in K1. The K1 
obtained for Zr-containing compounds is considered to be 
reasonably, especially when compared to the Ce 
compound. However, when uniaxial anisotropy is 
ensured, the trends change as Zr then shows smaller 
values than Ce by 0.51 MJ/m3 and Y by 0.12 MJ/m3 in the 
case of LSDA and a smaller value than Ce by 0.98 MJ/m3 
in case of GGA+U. 
  In the context of this study, which includes quaternary 
compounds and draws comparisons with previous 
research16), the trend calculated in the GGA+U (and 
LSDA) treatments is as follows: (Y,Nd)Fe11Ti with 0.91 
(1.65)16) < (Ce,Nd)Fe11Ti with 1.35 (1.61)16) < 
(Zr,Nd)Fe11Ti with 2.16 (2.41) MJ/m3. The position of 
(Zr,Nd)Fe11Ti in this trend is reversed when the values 
of calculations [100] to [001] are considered. 
  In Eq. 7 the anisotropy field (Ha) is determined by the 
anisotropy constant (K1) and the saturation 
magnetization (MS). It is noteworthy that, as with K1, 
there is a shortage of literature for the comparison of Zr-
containing compounds. In case of NdFe11Ti, comparisons 
can be made with the experimental Ha values obtained 
by Bouzidi et al.90) (1.9 T) and Akayama et al.60) (2.0 T). 
The calculated Ha from the GGA+U treatment (0.80 (0.41 
for [100] vs [001]) T) is significantly lower than the 
literature value, while the LSDA treatment gives a Ha of 
2.00 (1.68 for [100] vs [001]) T, showing good agreement. 
For ZrFe11Ti, (Zr,Nd)Fe11Ti and (Zr,Nd)Fe10CoTi, the 
GGA+U (and LSDA) treatments following the easiest 
perpendicular [001] and the hardest directions [010] give 
Ha values of 3.22 (3.27), 2.69 (3.01) and 2.44 (2.58) T, 
respectively. Using the easiest perpendicular [001] and 
the easiest in-plane direction [100], the Ha values are 
1.10 (1.61), 0.55 (1.56) and 1.08 (1.43) T, respectively. 
These Ha values show similar trends to those calculated 
for K1. Analogous trends are evident when comparing the 
Y and Ce compounds from our previous research16). For 
the quaternary compounds the Ha increases with GGA+U 
(LSDA) treatment as follows: (Zr,Nd)Fe11Ti with 0.55 
(1.56) ([100] to [001]) < (Y,Nd)Fe11Ti with 1.13 (2.33)16) < 
(Ce,Nd)Fe11Ti with 1.73 (2.30)16) < (Zr,Nd)Fe11Ti with 
2.69 (3.01) T ([010] to [001]). 
  The κ values calculated according to Eq. 8 are shown 
in Tab. 5. The hardness factor (κ) of NdFe11Ti, 
determined using the experimental data of Skokov et 
al.33), giving a κ of 0.93, which is in good agreement with 
the calculated κ of 0.77 (0.71 for [100] vs [001]) for LSDA. 
The κ values calculated with LSDA of RFe11Ti (R: Y, Zr, 
Ce and Nd) show that NdFe11Ti has the lowest κ with 
0.77 (0.71 for [100] vs [001]). This κ value then increases 
by 0.27 (0.13 for [100] vs [001]) for ZrFe11Ti, followed by 

0.41 for YFe11Ti and finally by 0.54 for CeFe11Ti. In the 
case of the GGA+U treatment, κ also increases, starting 
with 0.49 (0.35 for [100] vs [001]) for NdFe11Ti, followed 
by an increase of 0.22 for YFe11Ti, 0.54 (0.34 for [100] vs 
[001]) for ZrFe11Ti and finally 0.63 for CeFe11Ti. Thus, Zr 
increases the hardness factor compared to Nd, but to a 
lesser extent than Y or Ce. 
  The calculated κ values of the quaternary compound 
(Zr,Nd)Fe11Ti are 0.92 (0.46 for [100] vs [001]) (GGA+U) 
and 0.97 (0.78 for [100] vs [001]) (LSDA). As there is no 
direct literature on the Zr compound, it is classified as a 
semi-hard magnet. Comparing the quaternary 
compounds (X,Nd)Fe11Ti (X: Y, Zr and Ce), (Y,Nd)Fe11Ti 
has the lowest κ values for GGA+U at 0.67, followed by 
(Ce,Nd)Fe11Ti with an increase of 0.16 and (Zr,Nd)Fe11Ti 
with an increase of 0.25. In case of LSDA, (Zr,Nd)Fe11Ti 
has the lowest κ value at 0.97, with the values for 
(Y,Nd)Fe11Ti and (Ce,Nd)Fe11Ti being 0.05 higher. 
Looking at the values according to the easiest 
perpendicular and easiest in plane direction, Zr has the 
lowest κ in case of GGA+U and LSDA. In the case of Zr 
in particular, the GGA+U method gives a more accurate 
κ than in case of Y or Ce, as can be seen from the 
differences between the GGA+U and LSDA values. 
Specifically, the difference is 0.47 for (Y,Nd)Fe11Ti, 0.19 
for (Ce,Nd)Fe11Ti and 0.05 for (Zr,Nd)Fe11Ti. The 
difference of (Zr,Nd)Fe11Ti, on the contrary, increases to 
0.32 when considering the [100] to [001] values, which is 
larger than that of the Ce-containing compound. 
  As in case of K1 and Ha, the substitution of Co reduces 
κ. For the (Zr,Nd)Fe10CoTi compound, the calculated κ 
values are 0.87 (0.65 for [100] vs [001]) for GGA+U and 
0.90 (0.74 for [100] vs [001]) for LSDA. These values are 
lower than those of the (Zr,Nd)Fe11Ti compound, with a 
decrease of 0.05 (an increase of 0.19 for [100] vs [001]) for 
GGA+U and a decrease of 0.07 (0.04 for [100] vs [001]) for 
LSDA. In absence of comparable literature for K1, Ha and 
κ for (Zr,Nd)Fe11Ti or (Zr,Nd)Fe10CoTi, these values can 
only be approximately compared with the analogue 
compound (Zr0.3Nd0.7)(Fe0.75Co0.25)11.5Ti0.5. The literature 
sample gives 1.41 MJ/m3 for K1, 1.7 T for Ha and a κ of 
0.71.20) To sum up, the κ values of the quaternary and 
quinary compounds in this study exceeds those of the 
referenced literature compounds by following the 
directions [001] vs [010]. These discrepancies can be 
attributed to a higher Zr content, as well as higher Ti and 
lower Co concentrations in the selected compounds. 
Therefore, a reasonable agreement with the limited 
available literature can be expected. When the uniaxial 
anisotropy is ensured by following the directions [001] vs 
[100], the calculated values show good agreement with 
the literature. 
  When comparing the K1, Ha and κ characteristics 
between the [001] vs [010] and [001] vs [100] orientations 
(see Tab. 5 for values), there are noticeable deviations. 
However, the [001] vs [100] comparison is essential as it 
ensures the consistency of the MAE values with the 
uniaxial anisotropy. Regarding K1, the evaluation shows 
that NdFe11Ti has the closest agreement with the 
literature in terms of LSDA for [001] vs [010]. In contrast, 
the comparison of (Zr,Nd)Fe11Ti and (Zr,Nd)Fe10CoTi 
with the literature compound 
(Zr0.3Nd0.7)(Fe0.75Co0.25)11.5Ti0.5 shows a better agreement 
in case of [001] vs [100]. Nevertheless, the values for 
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[001] vs [010] remain possible due to the differences 
between the calculated compounds and the literature 
compound. Similar observations apply to Ha. 
Furthermore, the effect of Zr substitution in both 
properties shows a comparable effect compared to Y and 
Ce. Regarding κ, all compounds investigated in both 
contexts are in the range of semi-hard magnets. 
Furthermore, it is observed that the Zr substitution 
increases κ towards hard magnets. Consequently, K1, Ha 
and κ values of the examined Zr-containing compounds 
appear promising. 
 

44..  CCoonncclluussiioonn 
  

  Based on positive results for Nd-lean magnets15,63), we 
investigated (Nd,X)Fe12−yTiy X=Zr compounds for their 
magnetic properties. Previous results suggested Y and Ce 
as suitable substitutes.16) Here, we investigated Zr as an 
alternative to Nd, as it is more abundant and less 
expensive.17,18) Despite the lack of direct experimental 
data, our theoretical results agree well with the 
literature on similar compounds. The literature also 
discusses the effect of Co on phase stability and magnetic 
properties when substituted with Zr.11,19,20,63) Our 
calculations give us confidence in the calculated 
properties for Nd-lean quaternary and quinary 
compounds. 
  An accurate description of the RE-4f-electrons is 
essential for predicting the intrinsic magnetic properties. 
The highly localized Nd-4f-electrons pose a challenge to 
the accurate calculation of this property using available 
DFT exchange correlation functionals. To address this, 
the DFT+U approach with a Hubbard U value of 6 eV 
was used as a correction scheme, as previously done in 
literature for 1:12 Nd-based compounds, with favorable 
results.15,16,33) 
The methodology of our study successfully predicts the 
overall magnetization trend of 1:12 phases with NdFe11Ti 
exhibiting the highest magnetization, followed by 
ZrNdFe11Ti and ZrFe11Ti. For NdFe11Ti, µ0MS ranges 
from 1.38 to 1.70 T, which agrees well with our GGA 
(GGA+U) calculations of 1.68 (1.69) T. With Zr 
substitution µ0MS reaches 1.60 (1.62) T for ZrNdFe11Ti 
and 1.51 T for ZrFe11Ti using GGA (GGA+U). When 
compared with (Zr0.3Nd0.7)(Fe0.75Co0.25)11.5Ti0.5, a good 
agreement can be seen with the experimentally found 
µ0MS value of 1.63 T.63) Our GGA (GGA+U) calculations 
show a high |BH|max of 510 (525) kJ/m3 for ZrNdFe11Ti, 
exceeding Sm2Co17B with 294 kJ/m3.75) Notably, 
ZrNdFe11.5Ti0.5, a compound that includes less Ti, has a 
|BH|max of 600 (603) kJ/m3 which is smaller than the 
theoretical |BH|max of Nd2Fe14B with 688 kJ/m3.31) It 
was also found that the effect of Co on the magnetic 
properties depends on the presence of Ti in the compound. 
In combination with Ti, a decrease of the magnetic 
properties (mtot, |BH|max) is observed, while an increase 
is calculated in the absence of Ti. 
  The mean field approximation (MFA) computes the 
Curie temperature, consistently overestimating it in the 
ferromagnetic (FM) state, but quantitatively in 
agreement with the existing literature. In particular, 
REFe11Ti compounds show superior results in the local 
moment disordered (LMD) state, supported by 
NdFe12−yTiy (y: 0 ≤ y ≤ 1) compounds.82) FM-based 
calculations tend to overestimate by about 45% for 

ternary compounds. The calculated Curie temperatures 
for (Zr,Nd)Fe11Ti are 783 K (FM) and 652 K (LMD), 
which are higher than the experimental TC (588 K) for 
Nd2Fe14B but lower than the theoretical TC of 1050 K. A 
7.7 at. % Co substitution in (Zr,Nd)Fe11Ti to 
(Zr,Nd)Fe10CoTi increases TC by about 85 K. 
  The magnetocrystalline anisotropy constant K1 in Nd-
based compounds was insufficiently described by 
generalized gradient approximation (GGA) methods, as 
reported in previous studies.16,33,91) The local spin density 
approximation (LSDA) showed a better agreement with 
the experimental results. The GGA+U method gave more 
accurate results with increasing Zr concentration, where 
Zr (Co) induced an increase (decrease) in 
magnetocrystalline anisotropy. The hardness factor κ, 
which indicates a material’s potential as a permanent 
magnet, is derived from K1 and the saturation 
magnetization µ0MS. For the 50% Nd-lean (Zr,Nd)Fe11Ti 
compound a theoretical κ of 0.97 (0.78 in case of [100] vs 
[001]) has been calculated, classifying it as a semi-hard 
magnet. To further increase κ, nitrogenation has been 
proposed, as shown in previous research.11, 16) 
  In conclusion, this study demonstrates that the 
substitution of the critical rare-earth (RE) element Nd 
with the more abundant Zr in ThMn12 compounds yields 
promising RE-lean magnets with magnetic properties 
comparable to or only slightly inferior to other Nd-lean 
magnets. Consequently, based on our theoretical 
calculations, the newly proposed quaternary 
(ZrNd)Fe24−yTiy compounds emerge as potential and 
promising permanent magnets. 
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    Methods for evaluating the characteristics of magnetostrictive materials include dynamic magnetic domain 
observation using a magneto-optical Kerr effect microscope, obtaining B-H curves using a vibrating sample type 
magnetometer that vibrates a magnetized sample with a DC magnetic field, and so on. Generally, magnetic domains 
are observed in magnetic materials on flat surfaces. The authors previously researched and developed an inverse 
magnetostrictive torque sensor in which a magnetostrictive material is deposited on a cylindrical shaft surface. 
Therefore, to accurately evaluate the characteristics of a torque sensor, it is necessary to observe the magnetic 
domains while torque is applied on a curved surface. This paper explains that method and presents the results of 
dynamic domain observation of magnetostrictive materials on the shaft surface using a newly developed 
magneto-optical Kerr effect microscope. 
 
KKeeyywwoorrddss:: magneto-optical Kerr effect, magnetostrictive torque sensor, magnetic domain observation 

  
 

11..  IInnttrroodduuccttiioonn  
    

 Currently, in response to global energy challenges such 
as mitigating global warming, the automotive industry 
is accelerating the adoption of next-generation vehicles 
like electric vehicles (EV) and plug-in hybrid vehicles 
(PHV) 1). Moreover, the electrification trend extends to 
various sectors including robotics, household 
appliances, drones, and even aircraft. While these 
initiatives primarily target energy conservation and 
CO2 reduction, optimizing the efficiency of electric 
motors is paramount.  

Traditionally, motor control relies on detecting the 
motor's rotational axis angle and regulating the optimal 
current flow for each angle2). The precision of angle 
sensors3,4,5,6) and current sensors7), which detect the 
rotational position of the shaft8), significantly influences 
motor controllability. However, when the motor 
transfers power to the shaft, various disturbance load 
torques such as friction, torsion, and gear effects are 
generated, limiting control accuracy with conventional 
angle and current sensors. Therefore, achieving 
high-efficiency motor control requires the detection and 
feedback of actual shaft torque, inclusive of 
disturbances9). This paper focuses on an inverse 
magnetostrictive torque sensor10,11,12,13) utilizing the 
inverse magnetostrictive effect14,15), deemed suitable for 
motor control. The verification results of an evaluation 
method for magnetostrictive material films, crucial in 
determining torque sensor performance, are presented. 

Figure 1 (a) illustrates the configuration of the 
inverse magnetostrictive torque sensor employed in this 

paper. In the case of an inverse magnetostrictive torque 
sensor, a magnetostrictive material film is deposited on 
the surface of the shaft. When torque is applied to the 
shaft, both tensile and compressive stresses are induced 
on the magnetostrictive film adhered to the shaft's 
surface. A winding coil is positioned on the 
magnetostrictive film as a detection unit to monitor 
changes in the characteristics of the magnetostrictive 
material16). As torque is applied, both tensile and 
compressive stresses are exerted on the 
magnetostrictive material, resulting in alterations of its 
magnetic properties (permeability) in each direction. 
  
(a)  
  
  
  
  
  
  
  
  
(b)  
  
  
  
  
  
  
Fig. 1 Principle of inverse magnetostrictive torque 
sensor detection. (a) Relationship between stress 
direction and magnetization direction of inverse 
magnetostrictive torque sensor. (b) Coil inductances 
change and output voltage characteristics. 
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Therefore, by arranging two coils (detection coil 1 and 
coil 2) according to the direction of stress, changes in 
the magnetic properties of the magnetostrictive 
material can be detected as variations in coil 
inductance, as shown in Figure 1 (b). By converting this 
difference into voltage, it is possible to detect the 
direction and magnitude of applied torque. Note that 
Figure 1 (b) illustrates the principle and is not based on 
actual measurement data. 

The authors have previously conducted evaluations of 
sensor characteristics using electroplating as the 
magnetostrictive film of the magnetostrictive torque 
sensor17). Through this experience, they have recognized 
the importance of the change in magnetic properties of 
the magnetostrictive film when torque is applied, as a 
crucial characteristic of torque sensors. However, at 
present, a method for properly evaluating the 
magnetostrictive material formed on the surface of the 
torque sensor shaft has not been established. The 
magnetostrictive film material used as a torque sensor 
needs to be evaluated non-destructively, reproducing 
the direction of the magnetic field and the state of 
torque application on the curved surface of the axis to 
match the shape of the torque sensor. However, 
conventional magnetic property evaluation methods 
such as B-H analyzers are not configured to obtain 
magnetic properties when torque is applied to the 
magnetostrictive material on the axial surface. This 
paper focuses on magneto-optical Kerr effect 
microscopy, which has the advantage of confirming 
magnetic properties non-destructively. The authors 
conducted observations of the movement of magnetic 
domain walls18) and the observation of magnetic 
domains according to the operating conditions of the 
torque sensor, dynamically evaluating the magnetic 
properties of the magnetostrictive film material19). 

 
22..  EExxppeerriimmeennttaall  MMeetthhoodd  

  
22..11  EExxppeerriimmeennttaall  ddeevviiccee  ssttrruuccttuurree  

Figure 2 (a) depicts the configuration of the 
magneto-optical Kerr effect microscope utilized in this 
study. This apparatus is equipped with a mechanism to 
exert external torque on the shaft designated for the 
torque sensor and allows for arbitrary adjustment of the 
external magnetic field angle. Figure 2 (b) illustrates 
the configuration of the magneto-optical Kerr effect 
microscope (NEOARK CORPORATION: BH-753-TSC) 
employed for shaft evaluation in this research. Table 1 
outlines the device specifications. The magnetic field 
applied during magnetic domain observation ranges 
from ±24 kA/m (±300 Oe), and due to equipment 
limitations, only positive torque can be applied to the 
shaft, with a maximum of 100 Nm. 
22..22  SSaammppllee  sshhaafftt  oovveerrvviieeww  

Figure 3 illustrates a sample for magnetic domain 
observation. This sample is a thin-film magnetostrictive 
sample20,21) (Fe-Si-B Amorphous Metal Ribbon 

Material22): Hitachi Metals Metaglas Ⓡ  2605SA1, 
Thickness: 0.025 mm), chosen for its high permeability 
and low hysteresis characteristics suitable for torque 
sensing applications. The thin film was affixed to a 
40-mm stainless steel shaft using adhesive. With this 
setup, magnetic domain observation was conducted, and 
the magnetization curve was determined based on the 
contrast ratio of the magnetic domain image for each 
applied torque. 
  
(a)  
  
  
  
  
  
  
  
  
  
(b)  
  
  
  
  
  
  
  
  
  
  
  
Fig. 2 Overview of Kerr effect microscope. (a) Device 
function overview. (b) Magneto-optical Kerr effect 
photomicrograph for shaft evaluation. 

 
Table 1 Kerr effect microscope specifications. 

Item Specification 

Observation  
 camera 

Number of pixels: 1280×960 
Gradation: 12 bit 

Objective lens 10 times 

Field of view size 480×360 μm 

Max magnetic field ±23,873 A/m (±300 Oe) 

Max torque +100 Nm 

 
 
 
 
 
 
 
 
 
 

Fig. 3 Sample shaft overview. 

Applying torque 
(0 to +50 Nm) 

Magnetic field 
direction (+45o) 

Detector (CCD camera) 
 camera 

Shaft 
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33..  EExxppeerriimmeennttaall  RReessuullttss  
    

33..11  MMaaggnneettiicc  ddoommaaiinn  iimmaaggee  oobbsseerrvvaattiioonn  rreessuullttss  
  The direction of the magnetic field applied to the 
shaft is +45o. Magnetic domain images were observed 
with applied torques of 0 Nm, 10 Nm, and 20 Nm. 
Figures 4, 5, and 6 show images for each applied 
magnetic field and torque. When torque is applied, the 
surface of the magnetostrictive film in the +45o 
magnetic field application direction experiences 
compression. The boundary between contrast shades in 
the magnetic domain image represents the domain wall, 
and it is evident that the domain wall moves with each 
applied magnetic field. In Figures 4, 5, and 6, the 
applied magnetic field around 400 A/m to 700 A/m, 
where the movement of the domain wall (change in 
contrast) is most pronounced, is highlighted. 
Furthermore, since the applied magnetic field cannot be 
arbitrarily set due to device resolution, the applied 
magnetic fields under each condition are not uniform. 
33..22  MMaaggnneettiizzaattiioonn  ccuurrvvee  ccoommppaarriissoonn  aanndd  ccoonnssiiddeerraattiioonn  
 Figure 7 illustrates a graph measuring the 

magnetization curve from the contrast ratio of the 
magnetic domain images. The vertical axis represents 
the contrast ratio, indicating the ratio of gradation 
when the contrast around ±1000 A/m at 0 Nm is set to 
±1. The slope of the magnetization curve represents the 
magnetic permeability, and in this experiment, the 
slope becomes gentler at +10 Nm and +20 Nm, resulting 
in a decrease in magnetic permeability. 
1). +667 A/m                2). +621 A/m 
  
  
  
  
  
  

Shaft direction 
3). +552 A/m               4). +489A/m 

  
  
  
  
  
  
 
5). +428 A/m               6). +393 A/m 

  
  
  
  
  
  
Fig. 4 Magnetic domain image with zero torque. 
 

1). +665 A/m                2). +602 A/m 
 
 
 
 
 
 

Shaft direction 
3). +539 A/m                4). +455 A/m 

 
 
 
 
 
 
   
 5). +390 A/m                6). +408 A/m 
 
 
 
 
 
 
Fig. 5 Magnetic domain image with +10 Nm torque. 
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Fig. 6 Magnetic domain image with +20 Nm torque. 
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Figure 7 (b) is a graph showing the variation in 
contrast ratio from 400 A/m to 700 A/m within the 
graph of Figure 7 (a), where the change is notable. 
Additionally, in Figure 7 (c), the rate of change of the 
slope of the magnetization curve for each applied torque 
is depicted. This graph confirms the reproducibility of 
the applied torque direction, in the sequence of 0 Nm, 
10 Nm, 20 Nm, 10 Nm, and 0 Nm. In Figure 7 (c), as the 
torque increases, the rate of change of the slope of the 
magnetization curve decreases, and when the torque 
returns to 0 Nm, the slope reverts to its original value. 
Magnetic demagnetization is performed for each 
measurement, hence magnetic hysteresis due to torque 
application is not considered. Additionally, the contrast 
ratio at 0 Nm serves as the reference point, set at 100%. 
The reason for the variation in the slope of the 
magnetization curve upon applying torque is believed to 
stem from the phenomenon where the applied torque 
compresses the magnetostrictive material in the 
direction perpendicular to the external magnetic field, 
leading to a decrease in permeability as torque is 
applied. 
 
(a) 

 
 
 
 
 
 
 
 
 

 
(b) 

 
 
 
 
 
 
 
 

 
 
(c) 

 
 
 
 
 
 
 

Fig. 7 Magnetization curve for each applied torque.  
(a) Magnetization curve measured from contrast ratio. 
(b) Enlarged graph around 400 A/m to 700 A/m.  
(c) Magnetization curve slope change rate comparison. 
The arrows indicate the sequence for torque application. 

Next, using the same evaluation axis, the slope 
change of the magnetization curve due to the contrast 
ratio of the magnetic domain image was confirmed at 
multiple points. Figure 8 shows the measurement 
points of the shaft. Four locations were extracted at 
90-degree intervals with respect to the axis rotation 
direction, and magnetic domain images were observed 
with a magneto-optical Kerr effect microscope for each 
applied torque. Figure 9 shows a plot of the rate of 
change in the slope of the magnetization curve for each 
applied torque at each point. At any point on the axis, 
the slope of the graph became gentle when +50 Nm 
torque was applied. At each observation point, the rate of 
change in the slope of the 0-degree point is approximately 
±10%, while at the 90-degree point, it is about ±40%, 
resulting in an average rate of change of approximately 
±20%. The differences observed at each observation point 
are thought to be due to the non-uniformity in the 
magnetic properties of the amorphous ribbon foil. 
Therefore, it is considered possible to improve the 
accuracy of the torque sensor by arranging multiple 
detection units and averaging the acquired characteristic 
results when constructing a torque sensor using materials 
similar to those used in this experiment. 

To compare with the experiment using the 
magneto-optical Kerr effect microscope, Figures 10 and 
11 present the results of confirming the change in coil 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 8 Measurement points on the shaft. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9 Magnetization curve slope change rate 
comparison. 
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inductance using the same evaluation shaft. Figure 10 
depicts the positioning of the detection coil on the 
evaluation shaft, with the core featuring the detection 
coil winding oriented at +45o in the axial direction23). 
The core material utilized was permalloy sintered metal, 
with an air gap of l = 0.1 mm between the core and the 
shaft. The coil itself consisted of magnet wire with a 
wire diameter of φ0.1 mm and N = 30 turns. During 
measurement, the excitation frequency was set to 52 
kHz with a current of 10 mA. The coil inductance L at 
that time can be calculated using the following 
equation. 
 

L=μN 2S/l ・・・(1) 
 
In the equation, μ represents the magnetic 

permeability, and S is the cross-sectional area of the 
core. Parameters other than μ are fixed values, so L is 
directly proportional to μ. Therefore, the change in coil 
inductance L is proportional to the change in μ that 
occurs when torque is applied to the shaft. Figure 11 
illustrates the trend of coil inductance L when torque is 
applied. At +50 Nm, the surface of the magnetostrictive 
film of the detection coil oriented at +45o undergoes 
compression, leading to a decrease in coil inductance L. 
This indicates a reduction in magnetic permeability μ at 
+50 Nm. Furthermore, when the torque is returned to 0 
Nm, the inductance L reverts to its original value. This 
trend mirrors the change in the slope of the 
magnetization curve estimated from the contrast ratio 
observed with the magneto-optical Kerr effect 
microscope, as demonstrated in Figure 7 or Figure 9. 
Additionally, the starting point is set at 100% for 0 Nm. 
In this scenario, the uppermost point at 0 Nm serves as 
the starting point. 
 

 
   
 
 

  
  
  
  
Fig. 10 Detection coil arrangement model. 

 
  
  
  
  
  
  
  
  
Fig. 11 Graph of coil inductance change rate. The 
arrows indicate the sequence for torque application. 

However, there was a discrepancy in the rate of 
change between the observed alteration in magnetic 
permeability using the magneto-optical Kerr effect 
microscope and the change in magnetic permeability 
measured via coil inductance. While the 
magneto-optical Kerr effect microscope measurements 
showed a change of approximately 10 to 40%, the 
alteration in coil inductance indicated a result of about 
0.3% to 0.4%, significantly diverging from the former. 
This disparity is attributed to the fact that the external 
magnetic field generated by the detection coil 
measurement method is lower than the ±1000 A/m 
range of the Kerr effect microscope. When calculated 
with a coil turn number of 30 turns, a current of 10 mA, 
and a core length of 10 mm, the generated external 
magnetic field is only about 1/30 of ±30 A/m. Therefore, 
it is conceivable that the change in magnetic 
permeability during torque application is minimal. 
 

44..  SSuummmmaarryy 
  

The trend of the change in the magnetization curve 
slope measured from the contrast ratio using a 
magneto-optical Kerr effect microscope for different 
applied torques was the same as the result of 
measuring with a coil, but the rate of change itself was 
different. Moreover, in this evaluation method, a means 
to quantitatively evaluate permeability has not been 
established. However, in inductance evaluation using a 
coil, there are significant error factors such as 
variations in the coil winding, fluctuations in the 
magnetic properties of the core, and variations in 
mounting position. Additionally, increasing the external 
magnetic field strength, which is the variable in this 
experiment, requires enlarging the detection unit, 
thereby imposing limitations on evaluating the 
material's intrinsic properties. This measurement 
method, utilizing a magneto-optical Kerr effect 
microscope, is less susceptible to these factors and is 
suitable for evaluating the torque sensor shaft in its 
product state. In the future, by quantifying changes in 
magnetic permeability, this evaluation method could 
serve as a benchmark for assessing single-material 
evaluation methods, contributing to the development of 
optimal materials for torque sensors. 
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